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Abstract. We classify the simple infinite dimensional integrable modules 
with finite dimensional weight spaces over the quantized enveloping algebra 
of an untwisted affine algebra. We prove that these are either highest (lowest) 
weight integrable modules or simple submodules of a loop module of a finite- 
dimensional simple integrable module and describe the latter class. Their 
characters and crystal bases theory are discussed in a special case. 



0. Introduction 

The aim of the present paper is to study irreducible integrable modules for 
quantum affine algebras, which have finite dimensional weight spaces. The best 
known examples of such representations are the highest weight representations V^A) 
(cf. jl6|, [2l|]) on which the center of the quantum affine algebra acts via a positive in- 
teger power of q. These representations have many pleasant properties, for instance 
it is known that they admit a canonical global or crystal bases. Another family of 
integrable modules for the quantum affine algebra are the finite-dimensional mod- 
ules which have been studied, amongst the others, in @, §, 0, 0, |f, [|| f|| f§ . 
However, unlike the highest weight representations, these finite-dimensional repre- 
sentations do not respect the natural Z-grading on the quantum affine algebra which 
arises from the adjoint action of the element of the torus corresponding to the Euler 
operator. Thus it is natural to look for the graded analogue of the finite-dimensional 
modules. Besides, in certain cases one has to consider these infinite dimensional 
modules instead of finite-dimensional ones. For example, a finite-dimensional mod- 
ule cannot appear as a submodule of the ring of linear endomorphisms of V(X) 
whilst a simple integrable module with non-trivial zero weight space can be embed- 
ded in such a ring for A sufficiently large (cf. for example [po[). 

Examples of infinite dimensional integrable modules which are not highest weight 
modules are easy to construct. Namely, given a finite-dimensional module V, one 
can define on the space L(V) — V C(q)[t, t" 1 } in an obvious way the structure of 
a graded module for the quantum affine algebra. However, even if V is irreducible, 
the resulting representation L(V) need not remain so. 

The irreducible finite-dimensional representations of the quantum affine algebra 
are known to be parametrized by families of polynomials in an indeterminate u 
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(cf. ||). For instance, for the quantum affine algebra associated to sb, we have 
just one polynomial ir(u). If we take 7r(u) = (1 — u)(l + u), and V to be the 
corresponding irreducible finite-dimensional representation, then it is not hard to 
see that the graded infinite dimensional module L(V) is a direct sum of two simple 
components. More generally, the module L(V) is reducible (moreover, completely 
reducible) if the roots of the polynomials associated to V satisfy a certain condition 
which involves roots of unity. 

The paper is organized as follows. In Section || we show that if V is an irre- 
ducible finite-dimensional representation of the quantum affine algebra, then the 
corresponding graded representation on L(V) is completely reducible and we de- 
scribe its irreducible components (cf. Theorem |^ and Lemma 2.8). Our analysis is 
based on the result on irreducibility of tensor products of finite-dimensional sim- 
ple modules obtained in ||, which allows one to construct an action of the cyclic 
group Z/toZ on L(V) commuting with that of the quantum affine algebra, the inte- 
ger m being determined by the family of polynomials corresponding to V. Namely, 
these turn out to be polynomials in a™. The irreducible components of L(V), as 
in the classical case (cf. @, 0), become eigenspaces of a generator of that group 
corresponding to the egeinvalues £ J , i — 0, . . . , m — 1, where £ is an mth primitive 
root of unity. However, unlike in the classical case when it is induced by a natural 
action of the symmetric group S m on V , the action of Z/ mZ is rather sophisticated 
and difficult to describe explicitly. 

Section || is devoted to a classification of irreducible, integrable modules with 
finite dimensional weight spaces of the quantum affine algebra. Thus our Theorem^ 
establishes that such a module must be isomorphic to either a highest weight module 
or its (graded) dual, or to an irreducible component of the module L(V), where 
V is some irreducible finite-dimensional module. The corresponding result in the 
classical case was established in ^, Besides, we show (cf. Proposition |3.5| ) that, 
as in the classical case (cf. [pl[), all weight spaces of a simple integrable module are 
finite dimensional if and only if its set of weights satisfies a boundedness condition 
of{§. 

The final section of the paper is concerned with the problem of describing the 
characters of irreducible components of the module L(V) in terms of the characters 
of V. More precisely, we are interested in relating the dimension of the weight spaces 
of an irreducible component of L(V) to the dimension of the weight spaces of V. In 
the classical case this was done in |L4j , and the formulae involve a modification of 
the Euler ^-function. In th e qu antum case we conjecture an analogous formula and 
establish it in Proposition L7 for certain special modules for the quantum affine 
algebra associated to s[„+i. In order to do that, we consider a crystal q — limit 
of these modules. Then the argument becomes purely combinatorial and involves 
the major index of MacMahon. In particular, we also show that the characters of 
these modules in the quantum case coincide with the characters of their classical 
analogues. At the end of the section we discuss a crystal basis theory for these 
modules. 



1. Preliminaries 

Throughout this paper N (respectively, N + ) denotes the set of non- negative 
(respectively, positive) integers. Let q be an indeterminate and let C(q) be the 
field of rational functions in q with complex coefficients. For r, m 6 N, m > r, 
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define 

q m - q~ m 

^ q = q-q- 1 ' = ^ m ^ m ^M 1 ^' 

1.1. Let g be a complex finite-dimensional simple Lie algebra of rank n with a 
Cartan subalgebra t) and let W be the Weyl group of g. Set / = {1,2, ... ,n} and 
let A = {diCtij)i t jei, where the di are positive integers, be the n x n symmetrized 
Cartan matrix of g. Let {ai : i G 1} C f)* (respectively {tu, : i G 1} C f)*) be 
the set of simple roots (respectively of fundamental weights) of g with respect to 
(). As usual, Q (respectively, P) denotes the root (respectively, weight) lattice of g. 
Let P + = J2iei N?77j be the set of dominant weights and set Q + — J^iei Na-j. It is 
well-known that I)* admits a non-degenerate symmetric ^-invariant bilinear form 
which will be denoted by (• | •). We assume that (ct; | ct;) = didij for all i, j 6 I. 

Let 

g = g ® C[t, r 1 ] © Cc © Co? 
be the untwisted extended affinc algebra associated with g and let A = (didij) i 
where I = I U {0} be the extended symmetrized Cartan matrix and W the affine 
Weyl group. Set f) = f) © Cc © Cd. From now on we identify h* with the subspace 
of f)* consisting of elements which are zero on c and d. Define 5 G f)* by 

5(\)®Cc) = 0, (5(d) = 1. 

Denote by 9 the highest root of g and set ao = 6 — 9. Then {ai : i G 1} is a set 
of simple roots for g with respect to f) and <5 generates its imaginary roots. The 
bilinear form on f)* extends to a VF-invariant bilinear form on f)* which we continue 
to denote by (• | •). One has (<5 \ ai) = and (ai \ aj) — didij, for all i, j G /. Define 
a set of fundamental weights {cjj : i G /} C fj* of g by the conditions (cjj|aj) = 
di<5i,j and uJi(d) = for all i,j G /. Notice that Wi — LOi — luq for all i <E I. 
Let P = Y^iel ® ^ (respectively, P + = J^ief ^uji © Z(5) be the corresponding 
set of integral (respectively, dominant) weights. Set P e — P © Z<5 C P. Denote 
by Q the root lattice of g and set Q + = J2iei^ a i- Given A,// G P + (respectively, 
A, fi G P + ) we say that \ < if fi — AG Q + (respectively, (i-Ae Q + )- 

1.2. For i E I, set = and [m]i = [m] 9 ; . The quantum affine algebra U 9 (g) 
(cf. 0, ||, [l0| [n]]) associated to g, which will be further denoted as U g , is an 
associative algebra over C(q) with generators xf r ,i G I, r G Z, if^ 1 , i £ I, C ±1 ^ 2 , 
-D ±1 , 'ij.r , i 6 J, r € Z\{0}, and the following defining relations 

C* 1 / 2 are central, 

tfiifr 1 = Ifr 1 ^ = l, C 1/2 C~ 1/2 = C" 1/2 C 1/2 = I, 

ts ± _ ±a.ij ± 

\hi r ,hj s \ 5 r — s [^(^tj']^ —-i , 



m 
r 



[m] q l 



[r] q \[m - 



r]«! 
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^j.r+l^j.s 1% J X j,s X i,r+l ~ 1i Jx i.r X j,s + \ X j,s+l X i,r' 



Qi - Qi 



E E(-D fe 



7rgS m fc=0 

for all sequences of integers rj., . . . ,r m , where m = 1 — a^, S m is the symmetric 
group on m letters, and the ip^ r are determined by equating powers of u in the 
formal power series 



E ^V ±r = ex p ±(% - c 1 ) E 



r=0 



The algebra U g (fl) is Z-graded, with the Z -graded piece being, 

(U g (fl)), = e U,(fl) : DxD~ l = q l x}. 

The subalgebra of Ug(g) generated by the elements xf , i € I is isomorphic to 

the quantized enveloping algebra U 9 (g) of g. Let U^(^>) (respectively U^(<C), 

U^(0)) be the subalgebra of XJ q generated by the elements xf r , i E I, ±r S N 

(respectively, x~ r , z G 7, ±r S N, /ij ir , i 6 J, ±r E N+). Let U° be the subalgebra 

generated by Kf' 1 , i € I, £ )±1 and C ±:L / 2 . We will need the following result which 
was established in ||. 

Proposition. The subspaces XJf = Uj^(<c)Ug (0)Ug (3>) are subalgebras of\J q 
and 

u g = u-u°u+ 

1.3. We will also need another presentation of XJ q . Namely, after |^|, the 
algebra XJ q is isomorphic to an associative C(g)-algebra generated by Ei, Fi^K^ 1 : 
i E I, D ±x and central elements C ±x l 2 satisfying the following relations: 

C = K Y[ K? , where 9 = ^ na u n E N+ 



iei 

K,K7 Y = K7 1 K i = 1, 



DD- 1 = D~ l D = 1, K l D = DKi, 
K i E j KZ 1 =q?E ji 1 " /> 

DEjD- 1 = q^Ej, DFjD- 1 = q~ 5i0 Fj, 



[E i ,F j ]=5, 



Ki - K- 1 

ij -1 

Qi - Qi 



E (-D r 

r=0 

1— a,ij 

EM) 



1 - a. 



1 - a.. 



r=0 



(E i ) r E j (E i ) 1 - a »- r = if Mj, 
(F i )^( J F i ) 1 - a «- r = if Mi. 
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The element Ei (respectively, Fi), i G I corresponds to xf (respectively, 2^0 )• ^ n 
particular, the Ei, Fi, K^ 1 : i £ I generate U 9 (g). 

It is well-known that U 9 is a Hopf algebra over C(q) with the co- multiplication 
being given in terms of generators Ei,Fi, if,- 1 : i E / by the following formulae 

A(^) = E, ® if r 1 + 1 ® Ei, A(Fi) =F i ^l + K i 0F i , 

the if^ 1 being group-like. Although explicit formulae for the co-multiplication on 
generators x ir , hi ;T are not known, we will not need these in the present paper and 
so we say no more about it. 

Lemma. Take x £ (U q )k and write A(x) = X\ ® Xi in the summation notation. 
Then we may assume that Xi E (U (? )fe i where k± + &2 = k. 

Proof. The assertion is obvious for the generators Ei, Fi, Kf 1 . Since A is an al- 
gebra homomorphism, it holds for any polynomial in these generators, which is 
homogeneous with respect to D. □ 

1.4. Let XJ q be the extended quantum loop algebra, namely the graded quotient 
of XJ q by the graded ideal generated by C ±1 / 2 — 1. The Hopf algebra structure on 
\J q descends to a Hopf algebra structure on U ? . Let JJ q be the C(g)-subalgebra 
of \5 e q generated by the elements xf k , hi^ r , Ki,K^ Y , i E I, k, r E Z, r ^ 0. It 
is easy to see that XJ q is a Hopf subalgebra of XJ q . Let U ? (0) be the subalgebra 
of U q generated by elements h^ r , K i 1 , i E I, r E Z and D ±1 . Clearly U^(0) 
is a Z-graded subalgebra of XJ q . Let U g (>) (respectively, U g (<), U q (0)) be the 
subalgebra of Ujj(0) generated by the elements xf r , i E I, r E Z (respectively, x~ r , 
i E I, r E Z, /i i>r , i <E I, r E Z\ {0}. Then (cf. for example ||) 

U| = U,(<)U;(0)U,(>). 

For i E I, set 
and 

P?(u) = eM-hf(u)) = exp ( - £ • 

k=l ^ ^ 

Let Pj,± r be the coefficient of u r in P i ± (u). One can show (cf. ||) that the Pj >r : 
i E I, r E Z generate U g (0). Moreover, by || monomials in the Pi, r , i E I, r E Z 
(or equivalently, monomials in the /ii jr , z E I, r E Z) form a basis of U q (0). 

Lemma. Let \ : U,(0) -> C(g)[t, &e a non-trivial homomorphism of Z-graded 
algebras. 

(i) There exists a unique m > swc/i i/iai i/ie image of x equals C(q)[t m ,t~ m ]. 

(ii) Suppose that the image ofx equals C(q)[t m , t~ m ]. Then there exist ig E I such 
that x{Pio,±m) 7^ and the kernel of x is generated by the P, lT ., i 6 /, r ^ 
(mod m) cm<i &?/ £/ie elements of the form 

Pi,±sm ~ {x(P„,±mr S x(P,±srn))P- (h±m , i E /, S E N+. 
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Proof. Let m,n G N + be minimal such that both t m , t~ n lie in the image of x- 
Then t m ~ n G Imy. Since either < m — n < m or < n — m < n it follows 
that m = n which proves the first part. For the second part, it is enough to observe 
that the elements listed in the assertion are homogeneous and lie in the kernel 
oflmx. □ 

1.5. In the rest of this section we summarize some general results from the 
representation theory of U g and U 9 (fj), which will be used later. 

For any U g -module V and any \i = J^ief Mi^i + 16 E P, set 

% = {v E V : D.v = q l v, Ki.v = tjf'u, Wi E I}. 

If ^ we say that /j, is a weight of V. The set of weights of V will be denoted 
by £l(V). The module V is said to be an admissible module of type 1 if 

and dim < oo for all // G P. One has analogous definitions of admissible modules 
of type 1 for the algebras \J e q (with P replaced by P e ), \J q and U g (g) (with P 
replaced by P). From now on, all modules will be assumed to be of type 1. A JJ q - 
module V is integrable if for all i E I the elements E 1 , and Fi act locally nilpotently 
on V. Similarly, one can define integrable U q , U q and U g (g)-modules. 

1.6. We now recall the construction of highest weight integrable modules over 
XJ q and Uq(fl). We work with the presentation of XJ q described in 1.4. 

The following result can be found in |2j| 3.5]. 

Proposition. For every A = X^e/ + k6 E P + (respectively A = Yljcj XiWi E 
P + ) there exists a unique, up to an isomorphism, simple integrable U q -module 
V(X) (respectively U q (o)-module V(X)) of type 1 which is generated by an element 
v\ satisfying 

Ei.v x =0, K i .v x =q^v x , D.v x =q k v x , F l x * +1 .v x = 0, Vie/ 
(respectively, E,.v x = 0, K t .v x = q^v x , F?' +1 .v x = 0, Vt G J). 

1.7. The modules V(A) and V(A) are the quantum analogues of the corre- 
sponding modules V c e(X) and V c i(X) over, respectively, g and 9, whose charac- 



ters are given by the Weyl-Kac formula. Namely (cf. 22, Theorem 4.12]), for 
all v G P, (respectively f G P), we have dimV(A)„ = dimV^A)^ (respec- 
tively, diml/(A) y = dimV^(A)„). In particular, both V(A) and V(A) have finite- 
dimensional weight spaces. Furthermore, a standard argument from the represen- 
tation theory of g yields the following 

Lemma. Let fi G P + be such that X — /i E Q + . Tften dimV r (A) A , 7^ 0. 

Finally, we will need the following 

Proposition (cf. 3.5 and 6.3]). (i) Assume that V = Q) ue p V v is an inte- 
grable admissible U q -module such that £l(V) is contained in the set Ui=i{Mi — 
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v : v G Q + }, for some k G N + and for some fx±, . . . , fik G P + . Then 

V= m(A)y(A), 
AeP+ 

for some non-negative integers m(A). Furthermore, as a XJ q {o) -module, V{X) 
is a direct sum of simple finite dimensional highest weight modules V(/i) for 
various fi G P + . 

(ii) Let M be an integrable U g (fl) -module. Then M is a sum of simple U g (g)- 
modules of form V(X) for various A G P + . 

Corollary. Let M be an integrable U g (g) -module with finite dimensional weight 
spaces. Then M is finite-dimensional. 

Proof. Let r G N + be minimal such that rwi G Q + for all i G /. Then any A G P + 
can be written as A' + rj where r\ G Q + and A' G P r + := {y = Yliel G -P + 



< ki < r}. Evidently, P r + is a finite set. On the other hand, by Lemma 1.7, 
for all A G P + , there exists A' G fl(V(X)) n P+. Since dimM A ' < 00 and the sum 
of V(X) is direct, it follows that the multiplicity of each V^A) in M is finite and 
that the set of A G P + such that V(X) occurs in M is also finite. It remains to 
apply (ii) of the above Proposition. □ 

1.8. Since U g is a Hopf algebra, given a U 9 -module V = ® ve pV v , we can 
endow V* with a structure of a U q module via the antipode. If dim V u < 00 for 
all v G P then V* = @ v ^pV*, is a U 9 -submodule of V* . The module V* is 

called the graded dual of V. One can prove that the graded dual of V(X) , A G P + 
is the unique simple integrable module generated by an element v\ such that 

F t .v* x = 0, Ki.t* = gr A '«J. D.v* x = q - k v* x , E^ +1 v* x =Q. 

Clearly, ^(A)^ is an integrable module. Results analogous to the ones above hold 
for the modules V(A)*. Finally, note that the element C acts on V(A) as q r id and 
on V{X)* as q~ r id where r = (A | S). Notice that r > unless A G P + n P e = Z5. 
In the latter case both V(A) and V(A)* are one-dimensional. 

1.9. Let M be an integrable U q (g) or U 9 -module. Following |2^, 5.2], one can 
define C (^-linear endomorphisms Ti : i G I (respectively, i G /) of M satisfy- 
ing TiM x = M Si \. Moreover, by [^3[ Chapter 39], the Ti satisfy the relations of the 
braid group associated with W (respectively, W). In particular, the set of weights 
of M is W (respectively W) invariant. Moreover, if M is admissible, then we have 
dim Ma = dimM^A for all w G W (respectively, w G W). 



2. Quantum loop modules 

In this section we study a family of irreducible integrable modules of U g on 
which C acts as the identity and hence these are actually modules for the extended 
quantum loop algebra XJ q . 
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2.1. Given a U g module V of type 1, one can easily verify that the following 
formulae define a structure of a U^-module of type 1, which we denote by L(V; d), 
on the vector space L(V) = V O C(g)[t,t -1 ]. Namely, fix d G Z and define for 
all fc, r S Z, x G (Ug)fc and weV 

x ( v g, f) = (aw) ® D(« g) f) = q d+r « ® f . 

We set L(V) = L(V;0) and call it the quantum loop module associated to V. 

Lemma. Let V be a cyclic U g module generated by an element v G V . Then L(V) 
is generated as a \5 e q -module by the elements v ® t r , r G Z. 

Proof. Immediate. □ 

If V is a finite-dimensional U 9 -module then the corresponding loop module L(V) 
is an integrable U^-module. 

The main result of this section is the following 

Theorem 1. Let V be an irreducible finite-dimensional U g -module and let d G C. 
Then, there exists v G V and a unique m G N + such that as U^-modules we have, 

m — 1 

L(V;d) = ®U q .(v®t s ), 

s=Q 

where V q .(v <8> t s ) is an irreducible U^-module for all < s < m — 1. 

We prove this theorem in the remainder of this section. For simplicity of notation, 
we assume that d = 0, the general case being identical. 

2.2. We need several results about irreducible finite-dimensional representa- 
tions of U g which we now recall (cf. 0). Let 

A = {n = ^nu m G C(q)[[u\] : tt(0) = 1}. 

m>0 

Definition. We say that a U g -module V is ^-highest weight, with highest weight 

(A, 7r ± ), where A = J2iei ^ iZUi ' 7r± = ( 7r i = ( M )' ' ' ' > 7r n(' u )) e ^"i if there exists 
7^ v G Va such that V = TJ q .v and 

^fc- 1 ' = °' KfV^q^V, Pr°(u).V — 7T 4 

for alH G /, /c G Z. Such an element f is called a highest weight vector. 

If V is an ^-highest weight module, then in fact V = XJ q (<).v and so 

V^^0=^m = A-»7 (?7GQ + ). 

For any A G P + , 7T* G ,4™ , there exists a unique (up to an isomorphism) irreducible 
highest weight U q -module with highest weight (A, Tr*). Write irf (it) = J2 r >o n tr ur 
and let I(X,tz ± ) be the left ideal in XJ q generated by U 9 (>)+ and the elements 
P i ±r - nf r , Ki ~ qf l : i G I, r G N+ and let M(A,tt ± ) be the quotient of U q by 
J(A, Tr 1 * 1 ). Let v-k be the canonical image of 1 G U q in M(A, tt ). This module is l- 
highest weight and has a unique irreducible quotient which we denote as V(\, tt*). 
Let Vtz be the canonical image of v-k in V^A, tt ). 

Lemma. Let 7r* G A. Take a G C(g) x and set 7r* = (7r" l (au), • • ■ ,7r*(att)). 
TTien i/iere exists a canonical isomorphism 4>Tr ± ,a '■ V(K tt ) — > V(A, 7r*) o/U 9 (g)- 
modules, such that 
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(i) For all x <E (Ug)fe, v S V(X,tt ± ) we have, 

<f>7T±, a ( XV ) = akx( t ) 'K ± ..a{ V )- 

(ii) For alla,b£C(q) x , 

Proof. Given a € C(q) x , let <fi a be the graded algebra automorphism of \J e q defined 
on generators by 

M x tk) = akx tki MKk) = a k Kk, M K i) = MD) = D, 

for all i £ I and k s Z. Evidently, 0" 1 = 0„-i. It follows immediately from the 
definitions that <j) a maps I(X,tv^) to /(A, 7r„) and hence induces an isomorphism 
of vector spaces <j) a ■ M{X,ir ± ) — * M(X,tt^). Since a (x) = x if x S (U 9 ) it 
follows that this map is an isomorphism of (U g )o-modules, in particular, a map 
of U g (g)-modules. Let L(X, 7r ± ) be the maximal U g -submodule of M(A, tt ± ). We 
claim that <j> a (L(X,iz ± )) is a U g -submodule of L(X, 7r„), even though </> a is not 
a U g -module map. Indeed, take y G U g such that j/ + /(A, 7r ) G L(A, 77^). Then 
for all a; € U g , 

a^fo + /(A, tt*)) = ar^„(y) + /(A, tt±) = ^fa" 1 ^) + /(A, tt±) 
= ^(C 1 ^ + /(A,7r ± )) e 0«(L(A, *=■=)). 

Since <j> a {vTz) — v-K a , we conclude that <^ a factors through to a map V(X,tv ± ) — > 
V(A, 7rJ), which is the desired isomorphism </>7r± ia - The properties (i) and (ii) of 
4>TT±, a are immediate from the fact the algebra automorphism <j) a satisfies these 
conditions. □ 

2.3. The following was proved in || (see also ||). 

Theorem 2. Assume that A € P + and 7r ± e X" satisfy the following 

(i) ir + = (tti, ■ ■ ■ , 7r n ) is an n-tuple of polynomials, 

(ii) Xi = deg7T 4 , 

(iii) 7rr(«) =u dc ^n l {u- 1 )/ {u d ^-Ki{u- l ))\ u=(j . 

Then V(X, tt^) is an irreducible finite-dimensional ^-highest weight U g -module with 
highest weight (A,7r ± ). Moreover, these exhaust the irreducible finite-dimensional 
^-highest weight modules. 

From now, we shall only consider n-tuples of polynomials tt — (tti,--- ,7r„), 
which have constant term 1 and split over C(q) and we denote by V(ir) the irre- 
ducible ^-highest weight module corresponding to 7r. 

We also need the following (cf. ||) 

Proposition. Assume that V(ir) and V(tt') are irreducible highest weight \J q - 
modules and also that V(tt) <8> V(ir f ) is irreducible. Then 

V(tv) ® V(ir') = V(7vtt') S y(Tr') ® V{ir), 

where tttt' — (7^71^, ■ ■ ■ ,7r„7r^). 
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2.4. Given such an n-tuple 7r, and d G Z, define a homomorphism X"K,< 
Ug(Q) — > C(<7)[i,i _1 ] by extending the assignment, 



(2.i) XTT,d(Pi,±r) = ^r t±r > xnAKi) = <it esWi , xnAD) = q d ; 

for alH G I, r G Z to a homomorphism of Z-graded algebras. We set \"K = X7T,o- 

Lemma. Let tv = (tti, . . . ,7T n ) 6e an n-tuple of polynomials satisfying 7T,(Q) = 1. 
Suppose that Xir '■ — » C(g)[i m , i~ m ] — > 0, /or some m > 1. Then for all i G /, 7T; 
is actually a polynomial in u m . In particular, there exists an n-tuple of polynomials 
7T° = (7r?, • • • ,7r°) such that tt?(0) = 1 and 



*i = n ^ 

s=0 

where ( G C is on m th primitive root of unity. 

Proof. By the definition of Xir an d Lemma 1.4, 71^ = unless m divides r. It 
follows that the 7r are polynomials in u m . In particular, m divides deg^, hence we 
can write deg 7Tj = m^m for some to, G N. Let be a root of 7Tj in the algebraic 
closure of C(g). Then, evidently, C, s ai is a root of 7Tj for all s = 0, . . . , m — 1. 
Since 7Ti(0) = 1, a, ^ 0, and so we can write 

rrii m—1 
r=l s=0 



for some 6i jr G C(g). Set 

mi 

7^(«) = n(l-6<,r«)- 

r=l 

It remains to observe that 7r" G C(g)[w]. □ 

Given tv such that X7T : — > C(g)[i m , i~ m ] — > for some m > 1, let 7r° be the 
n-tuple of polynomials defined in the previous Lemma. 

2.5. Our further analysis is based on the following result which was established 
111 H Theorem 3]. 

Theorem 3. Let {nj = (7^1,- •• ,TVj jn ) ■ 1 < j < k} be & set of n-tuples of 
polynomials with constant term one which are split over C(g). Assume further, 
that for all 1 < j, f < k and / G /, we have 

a ^ bq z , 

where a and b are arbitrary roots of tTj^ and Wj>,i. Then, the tensor product 
V(tzi) ® • • • ig) V^(7Tfe) is an irreducible U g -modulc. 

Proposition. Let V(ir) be an irreducible finite- dimensional representation ofU q , 
and assume that xn ■ — > C(q)[t m ,t~ m ] — > 0, /or some m > 1. T/ien £/iere exists 
an n-tuple of polynomials 7r° swe/i i/iai 

S V(tt («)) ® V(tv°((u)) ® • ■ • ® y(7r°(C m_1 u)). 

Proof. This follows immediately from Theorem ^| and Lemma 2.4. □ 
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2.6. It follows from Theorem ||| and Proposition 2.5 that there exists a non- 
trivial isomorphism of U g -modules, 

Ttto : V{tv°{u)) ® V{tv {(u)) ® • • • ® V(7r (C m -M) -> 

y(7r n (Cu)) ® ^(7r°(C 2 it)) »...<» V(ir°(u)), 

which maps the tensor product of highest weight vectors on the left to the corre- 
sponding clement on the right. Set 

Then 77^0 is a U 9 (g)-module endomorphism of V(7r) = V(tv°(u)) ® T/(7r°(Cu)) ® 
• • • <g> V r (7r°(C m_1 u)) and maps a highest weight vector to its multiple. We may 
assume, without loss of generality, that 77770 maps a highest weight vector to itself. 

Lemma. Suppose that x G (Ug)& /or some fc G Z. Then 

Tfao(x.v) = C k X.T] 7r o(v). 

In particular, ry™ = id. 

Proof. Let A denote the standard co- multiplication on XJ q (cf. 1.4) and set A r = 
(A <g) id® 1 " 1 ) o • • ■ o (A ® id)A : U 9 Uf p+1 . Suppose that x G (U,)*. Then we 
can write, using the summation notation of Sweedler and Lemma |l.3| , A m ~ 1 (x) = 
Xi <g> • • • <g x m where G (Ug)/^ , kj G Z and fci + • • • + fc m = fc. Therefore, 

rj-ffo(xv) — (07rO f m-l €5 </>7T° fm-I <g> • • • ® </>7T0 (-"—OO^i ® • • • <g x m )r 7r o(w) 

c c 2 

= ^( m - 1 ) fc ( Xl (g) . . . (g x m )(</>_o fm _i g) fm _i ® •• • (gi o T^ofv) 

= C fe £-?77r°(v). 

Since V^(7r) is simple, it follows that V(tt) = \3 q v-n- On the other hand, 777707777 — 
D77, hence by the above V(tt) is a direct sum of eigenspaces of 77770 and all the 
eigenvalues of 77770 are mth roots of unity. If follows immediately that 77™,, = id. □ 

2.7. Extend of 77770 to L(V(ir)) by setting 77770 (u <g> /7) = C r? 77ro(v) <8> t r . From 
now on we will denote this map by 77. 

Lemma. The map rj : L(V(ir)) — ► L(V(7r)) is a U q module endomorphism. 
Proof. Take x G (U(j)fc for some k G Z. Then, for all t> G V(tt) and r G Z 

t/^O ® f )) = 77(0:1; (g) f +fe ) = C +k Vn« O) ® i r+fc 

= Cx.rj^o (v) (g) /j r+fc by Lemma 2.6 

= £.77(7; g> i r ). 

Since every a; G can be written, uniquely, as a finite sum of homogeneous 
elements, we conclude that 77 commutes with the action of \5 e q . □ 

2.8. Our Theorem |l| is an immediate consequence of the following 

Lemma. Let L s (V(tt)) C L(V(ir)) be the eigenspace of 77 corresponding to the 
eigenvalue ( s , s = 0, . . . , m — 1. Then 

tn— 1 m— 1 

JW*)) = = u;.^ ® t s ), 

where the summands are simple U[ 3 -modules. 
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Proof. Since 77^0 (i>7r) = f7r, it follows that r)(v-n; <g> t s ) = £ s t>7r ® £ s , hence & 
t s G L s (V(7r)). Furthermore, 7/ G Endu* L(V(ir)) whence L s (V(7r)) is a U*- 



submodule of L(V(7r)). Finally, observe that, by Lemma 2.1, every proper sub- 



module of L(V(ir)) meets v-n ® C(g)[t, i 1 ]. Therefore, U^wtt ® is simple. □ 

Remark. Although we have worked over C(q), the results of the section go through 
if we specialize q to be a complex number which is not a root of unity. 

3. Classification of irreducible integrable modules for \J q . 



3.1. We begin with the following definition which is analogous to Definition [L2 



Definition. A U^-module V of type 1 is called ^-highest weight if there exists a 
vector v G V, A = ^ i&I XiWi + d5 G P e and a maximal graded ideal 071 in Ujj(0) 
such that 

x+ k .v = 0, m.v = 0, Ki.v = q^v, Dv = q d v 

for alH G / and k G Z. 

It is not hard to see that the set of maximal graded ideals in U g (0) is in bi- 
jective correspondence with the set of graded ring homomorphisms x '■ U g (0) — ► 
C(q)[t, t -1 ]. Given such a x an d A G -P 6 , one can define in the obvious way a 
universal highest weight module M(A,x)- Namely M(X,x) is the left U^-module 
obtained by taking the quotient of by the left ideal generated by the elements 
xf r , i G I, r G Z, ker y, Jf j -g^', is / and D — q d . Let 5 Ax be the image of 1 G U|j 
in M(A, x). Standard methods show that Af (A, x) has a unique irreducible quotient 
U(A, x)- Denote the canonical image of v\. x in V(X, y) by «a,x- 



^l 1 




We need the following result which was proved in |7| Proposition 3.5]. 
Proposition. For all s > 0, we have, 



«±i)*Ko)* - Pi,±s + terms in U*U 9 (>) 



+ ■ 



Theorem 4. The U^-module V(X, x) is integrable if and only if there exists an 
n-tuple of polynomials ir = ■ ■ ■ , 7r n ) in an indeterminate u with constant term 
one, and d G C, such that 

A !: = deg7Tj, x = XTv,d, 



where Xir,d was defined in (2.1) 



Proof. Suppose that V(A, x) is integrable. Then we have 

(xr fi ) s .vx, x = 0, iel, 8>Xi + l, 

whence 

«±i)'(asr )".«A, x = 0, iel, s>Ai + l. 



Using Proposition 3.1, we conclude that 

Pi,s-vx, x =0, iel, \s\ > Xi + 1, 

that is, Pi. s e kerx for alH G / and |s| > Aj + 1. Furthermore, since (i~ ) a '.da.x 7^ 
0, and a;~_ 1 (a;~ ) Ai .tiA, x = 0, it follows from the representation theory of U g (s[2) 
that 
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hence Pi.A; 7^ 0. Thus, we can define an n-tuple of polynomials 7T by 



r>0 



One can prove then as in H], that the eigenvalues of P^—r are given by the n- 
tuple 7r~ defined in the previous section. It is now easy to check that x = Xtv.cI 
where x(D) = q d and the result follows. 

For the converse statement it suffices to prove that given an n-tuple of poly- 
nomials with constant term one and d G Z, there exists an irreducible integrable 



module with highest weight Xir,d- Consider the module L(V(7r);d) defined in 2.1 
It is clear that the element vjz <S> 1 generates a highest weight U^-module which is 
integrable. Further, by Theorem |], it follows that this module is irreducible and 
hence is isomorphic to V(degTT, Xn,d)- d 

We note the following consequence. 

Corollary. Any irreducible integrable (.-highest weight \5 e q -module is isomorphic 
to a simple submodule of a quantum loop module, and in particular has finite- 
dimensional weight spaces. 

3.2. We are aiming to prove a classification result which similar to the one 
obtained in |fl |(|. This can be done only if we work over an algebraically closed 
field containing C(q). The classification result also holds if we specialize q to be 
a non-zero complex number which is not a root of unity. We will assume without 
further comment that we are in one of these situations until the end of this section. 

We begin with the following 

Proposition. Let V = ©„ e p V v be an integrable \3 q -module of type 1, such that 

dim V v < oo for all v G P. Then there exists A G P such that V\ ^ and Va+, ; = 
for all r\ G Q + \ {0}. In particular, (A | a{) > for all i € I. 

Proof. Suppose that for each /j, G £l(V) there exists v £ Q + such that fjt+v G Q(V). 
Fix some /i G il(V). Then there exists an infinite sequence {ry r } r >i such that r\ r < 
T] r +i and /i + r\ r G £l(V) for all r > 1. Set W r := U g (g)V^+ r/r . Then W r is an 
integrable U g (g)-module with finite-dimensional weight spaces and hence by Propo- 
sition 



1.7 (ii) and Corollary 1.7 



W r = (J) m(fj, rtS )V((J, rtS ), 
Hr lS eP+ 

where m(/x rjS ) G N and are non-zero for finitely many fi r-s . Choose si such that 
v\ : = /Ui >Sl > t 1 an d ™(mi,si) 7^ 0. Such s\ exists since \i + r\\ is a weight of W\. 
Furthermore, let r^ be the smallest positive integer so that there exists with 
v-i := /Jr 2 .s 2 > /A Mi.s! 7^ ^r 2 ,s 2 an d w(/i r2iS2 ) 7^ 0. Notice that r-i always exists 
since the module W\ is finite-dimensional and the maximal weights which occur 
in W r keep increasing. Repeating this process, we obtain an infinite collection of 
elements fk > /i, k > 1 such that such that V{v k ) is isomorphic to an irreducible 



U g (g)-submodule W(y k ) of V. By Lemma [L7| it follows that n W(v k ) ^ for 
all k > 1. Since all the v k are distinct, the sum of W(vk) is direct, which contradicts 
the finite-dimensionality of V^. In particular A + oti is not a weight for all i £ I. 
It follows that V\ generates a highest weight U g (g)-module, whence A is dominant 
with respect to the cti, i & I. □ 
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3.3. Let XJf s (respectively, U",), i G /, s G Z be the sub-algebra of U g gener- 
ated by E = xf s , F = x~[_ a and K = C s K t (respectively, by E — x^ s , F = xf_ s 
and K — C s K~ r ). One can easily see from the defining relations (cf. 1.2) that U^ s 
is isomorphic to U 9 (sl2), E, F and K being the standard generators of the latter 
algebra. 

The following simple Lemma will be used repeatedly in the proof of our main 
theorem. 

Lemma. Let V be an integrable admissible XJ q -module. Assume that /i G Q{V) 
satisfies (/i | sS =p cti) > for some i G / and s G Z. Then ± on — s5 G Cl(V). 

Proof. Recall that if M is a finite dimensional U g (sl2) module and Km = q k m for 
some to G M, with k > 0, then Fm ^ 0. Consider a U 9 (sl 2 )-module U^V^. Since 
C S K^ 1 acts on by q k with A: = (/j | s<5 =F c*i) positive, it follows that xf _ S V^ ^ 0. 
Since xf_ s V fl C V^i^-,^ the result follows. □ 

3.4. Now we will prove the main result of this section. 

Theorem 5. Let V = ©„ e p V v be an irreducible integrable U 9 -module of type 1 

and assume that dimV„ < oo for all v G P and let r G Z be such that Cv = q r v 
for all v G V. Suppose that diml^ > 1. 

(i) If r > 0, then there exists A G P + such that V = V(A). 

(ii) If r = then, there exists an n-tuple of polynomials tv with constant term 1 
and d G Z such that is isomorphic to an irreducible component of L(V(tt); d). 

(iii) If r < 0, then there exists A G P + such that V = ^(A) # . 



Proof. By Proposition 3.2 we can choose A G P G fi(V) such that A + 77 is not a 
weight of V for all r\ G Q + and (A | oti) > for all i G /. Given r\ = 5^ i6I facti G Q + , 
set htr? := ^ iGJ fcj. 

(i) Assume that r > 0. Then there exists to G N such that V\+ S s = for 
all s > to. Indeed, otherwise we can choose s > such that A + s S G f2(V) an( i 
(A+s<5 I s<5— ati) = rs— (A | a«) > for all i£ J. It follows from Lemma 3.3 that A+ct; 
is a weight of V for all i £ I, which contradicts the choice of A. Next, we prove that 
the U g (g)-module M = U+(<c)U+(0)U+(;§>)V\+ mi 5 is finite-dimensional. Since 

U+(0)U+(»)cU+(»)U+(0), 

it suffices, by the choice of to, to prove that U^"(<C)U+(^)Vx+mi5 is finite-dimen- 
sional. 

Let us prove first that 

(3.1) U+0)V x+m s = U+(g)V x+m s, 

where U+(g) is the subalgebra of U 9 (g) generated by the xf : i E I. First, 
suppose that xf s V\+ m s ^ for some i 6 J and s G N + . Then A + (to + s)S + a, L 
is a weight of V. Since (A + (to + s)S + on \ en) — (A | 014) + 2di > 0, it follows 
from Lemma B.3 that A + (to + s)S G Q(V) which is a contradiction. Then using 
induction on ht 77 we conclude that A + r\ + (to + s)<5, r/ G Q + is not a weight of V 
for all s > 0, whence 

U+(>)Vx +ma = U+(8)V x+mS C U ? (fl)VA +m i. 

Yet U q (g)V\ +m s is finite-dimensional by Corollary [O] and ( |3 . l[ ) is proved. 
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In particular, there exists a finite set {r/k} C Q + such that U+(o)V\+ m 8 C 
fc Vp h where = X + rj k + m5 and that M C fc U+(<)V Mfc . Since dimU+(< 
)-n+s5 < oo for all 77 G Q + and s G N, to prove that M is finite-dimensional, it is 
now sufficient to prove that 

(3-2) U+(«)_^ rf V w = 

for all but finitely many rj G Q + and s 6 N + , which is an immediate consequence 
of the following two assertions: 

1°. The set {77 G Q + : ji k - V + ^ G fi(M) for some I > 0} is finite. 
2°. For every 77 € Q + , M^-^+is = for / sufficiently large. 

In order to prove 1°, assume it to be false and observe that the weights of M 
are all of the form fi^ — rj + 15 : rj E Q + . Since M is an integrable U 9 (g)-module, 
it follows (cf. |1.SD that fi(M) is M^-invariant. Since the set of the ji k is finite, as 
is the group W, and P, 5 are preserved by W, we can always choose rj E Q + such 
that [i k — tj + IS is a weight and the VF-orbit of jx k — rj + 15 contains an element which 
is not of the form [i r — rj' + 15 for some r and rj' E Q + , which is a contradiction. 

To prove 2° we proceed by induction on ht rj. If ht 77 = 1, that is 77 = aj for 
some j E I, and fit- — f) + 15 6 fl(M) for infinitely many I, choose I large enough so 
that jjL k — aj +15 E f2(M) a nd (/ik — rj + 15 \ (I — 1)5 — aj) = r(l — I) — (ji k \otj) + 
2<ij > 0. Applying Lemma |3.3| we conclude that ji k + 5 is a weight of M, which 
is a contradiction. For the inductive step, suppose that 77 E Q + with h± 77 > 1. 
Then there exists j E I such that rj — E Q + . Furthermore, by the induction 
hypothesis there exists N such that ji k — {rj — oti) + 15 f2(M) for all / > N. 
Choose s > so that [if. — rj + 16 E f2(M) whilst (jik — rj + 15 \ (s + 1)5 — aj) = 
r(s + 1) — (jik I aj) + (rj | aj) > 0, where I = N + s + 1. Then Lemma 3.3 yields 
Mfe — (v ~ a j) + (N + 1)8 E O(M), which is a contradiction by the choice of N. 

Since V is simple, it follows from Proposition L2 that Q(V) C f2(M) — Q + . 
Further, any ri E P with (/_t | <5) > is W conjugate to an element in P + . Since V is 
integrable, £l(V) is VF-invariant hence O(y) is contained in a finite union of cones 
of the form ji — Q + where ji E P + . In order to complete the proof of (i), it only 
remains to apply Proposition 1.7. 

(ii) If r = then O(V) is contained in P e . We prove first that there exists 
fx E n(V) such that xj m V^ = for all i e I, m € Z. 

Suppose that xf m V\ ^ for some i E I and m 6 Z. Set /1 = A + a, + m5. 
Suppose further that x^ s .V^ ^ for some j E I, s E Z. Observe that, if i ^ j G / 
then either + 2 > or a^j + 2 > and obviously an + 2 > 0. Thus we may 
assume, without loss of generality, that aij + 2 > 0. Then (A + a, + «j | aj) = 
(A I aj) + di(aij + 2) > and so by Lemma ^2 we conclude that A + aj E Q(V), 
which is a contradiction by the choice of A. 

Thus, we have proved that V = XJ q vo where i>o satisfies 

xf r .v Q =0, Vie I, r E Z. 

Since = U g (<)Ug(0)U g (>) it follows from standard arguments that \Jy(0)v 
must be an irreducible U^(0)-module. Since U^(0) is a Z-graded commutative 
algebra, it follows that the irreducible graded representations must just be the 
quotient of U^(0) by a maximal graded ideal 0JI of U g (0), which annihilates 7j . 
This proves that V is a ^-highest weight module of \J e q and (ii) now follows from 
Corollary |3.l|. 
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(iii) This case is similar to the first one. □ 

3.5. Assume that the bilinear form on f)* is normalized in such a way that its 
values on P are rational (for, it is sufficient to assign a rational value to (u>q \ coo)). 
Let M = ® u£ p M v be a U 9 -module of type 1. We say, following @, that M 
is a bounded module if {y | v) < N for some N G Z and for all v G VL(M). In 
particular, if M is simple, then this upper bound is attained (cf. |2^, 7.2]), that is 
there exists A G fl(M) such that (y \ v) < (A | A) for all v G il(M). We call such a A 
maximal. 

Observe that a bounded module is necessarily integrable. Indeed, if both /i 
and /i + non are weights of M, then (/i + net; | \x + nai) = (fi \ fj,) + 2n(/i | c^) + 
n 2 (a^ | o?i) < A which imposes a bound on |n|. It is shown in pl| that a simple 
bounded g-module is admissible, being necessarily of one of the types described 
in H||. 

We will now establish a similar result for U q -modules. 

Proposition. Let V be a simple bounded U q -module and suppose that X is its 
maximal weight and that dim V ^ 1 . 

(i) // (A | S) > 0, then V V(lS), where \x G WX n P+ . 

(ii) If (A | S) — 0, then V is isomorphic to a simple submodule of L(V(tt); d) for 
some n-tuple tt of polynomials with constant term 1 and d G Z. 

(iii) // (A | (5) < 0, then V is isomorphic to V(^,)^ , where /i G W(— A) n P + . 

In particular, a simple bounded U q -module is admissible. 

Proof. Since the form (• | •) is VF-invariant and V is integrable, any element of 
the VF-orbit of A is also a maximal weight of V. 

(i) Suppose that (X\6) > 0. Then the VF-orbit of A contains /i G P + . Since fj, 
is maximal by the above remark, it follows that u + on is not a weight of V for 
all i 6 J, Indeed, (// + | /i + on) = (fx \ (i) + 2(/i | a-i) + (a.j | > (u | p), which 
contradicts the maximality of u. Therefore, EiV^ = for all i £ /, that is V is 
a highest weight module of highest weight /i. Since V is simple, the claim follows 
immediately from Proposition |l.7| . 

(ii) Suppose that (A | S) = 0. Then A G P e and so WX n P+ is empty. How- 
ever, since W is a finite group, we can always conjugate A to some u G P e such 
that (fi | oti) > for all i G /. Since ([i + cti + s5 \ fi + cti + s5) = (n\fi) + 2(/i | en) + 
(oti \on) > (/i | fi) and u is a maximal weight, we conclude that u + a,; + sS is not 
a weight of V for all i € 7 and s G Z. It follows that a^V^ = for all i G 7 
and s G Z. The rest of the argument repeats that of the proof of the second part 
of Theorem ||. 

(iii) The argument repeats that of (i). □ 



4. Characters of quantum loop modules in sl n+ i case 

4.1. In the classical case, we have the following result (cf. |l4|). Let V = 
0i=i V (Xi)® mim be a finite dimensional Lq — q <g) C[t, t _1 ]-module with evalua- 
tion parameters ai^ r £ s where A^ G P + and are distinct, ai, r G C, r = 1, . . . , mi, 
s = 0, . . . , m — 1 and Obi t r/cL%',r' is not an mth root of unity. Let L(V) be the 
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corresponding loop J-module. Then the formula of jL4|, Theorem 4.4] yields 
(4.1) dimi^F)^ = -J2<Pr-s(d)dimV^, 



m 

dh 



where V x l d := 0^ =1 v r (A l )® m ' m/d and 

H(d/ gcd(d, A;)) 



fk{d) = f(d) 



V(d/gcd(d,k))-' 



where tp is the Euler function and /i is the classical Mobius function, (J,(k) — if k 
is divisible by a square and n(k) = (—1)' if k is a product of I distinct primes. 
Alternatively, set V = <g)* =1 V(A;)® mi . Then 



(4.2) dimL s (^W<5 = ±.J2 ( Pr-.Wton(y )?% /d . 

d\m 

4.2. Retain the notations of Section || and define, for any d dividing m, 

l/d = fl/d _1/«JN 



7r - (rri 



where 7r^ d (u) = nj=o 1 ^(C^ 14 )- I n particular, if d = 1 then 7T 1 = 7r. It 
follows immediately from Theorem || and Lemma 2A that V(7r 1 / <i ) is isomorphic 
to V(tv°) ® y(7r° d ) ® • • • ® F(7T° m _ d ). Then we conjecture the following quantum 
analogue of (JO) and (JO) 



Conjecture. Let v E P, r G Z and s = 0, . . . , m — 1. Then 

dimL s (V(7r)) v+rS = - y ^ s (d)dimV{TT 1/d ) u/d 
m A — ' 

d\m 

= - V^_ s (d)dim(^(7r )^) 
m ' 

In the rest of this section we prove this conjecture in some special case for q = 

4.3. Recall that V(ir) is a direct sum of eigenspaces of 7771-0 and that the eigen- 
values of the latter are mth roots of unity. Let V(tt)^ C V(tt) be the eigenspace 
of ^tj-o corresponding to the eigenvalue ( k . Define, for all v G V(tt) and for all s G Z 



n ^) = ^ Er*"^o(«) 

fe=0 

Evidently, II S depends only on the residue class of s (mod m). Observe that the II S 
are U 9 (jj)-module endomorphisms of V(ir). Furthermore, for all v G V(n) and for 
all r, s G Z, define 

<8> t r ) = n s _ r (w) (g) t r . 

Lemma, (i) The H s : s = 0, . . . , m — 1 are orthogonal projectors onto V(tt)^ s ' . 
(ii) The II S : s = 0, . . . , m — 1 are W^-module endomorphisms of L(V(tt)) and 
orthogonal projectors onto its simple submodules L s (V(ir)). 
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Proof. For the first part, we have, for all v e V(ir), 



m— 1 



V7T o(u s (v)) = -J2 C ks ^\\v) = 1 ^Tc^NU") = C s n s ( v ), 

to * — ' m * — ' 

fe=0 fe=l 

whence II s (w) G V(-k)( s \ Furthermore, write u = Il s (i>). Then rfL Q (u) = C, ks u, and 
so 

n s ,n s («) = - V c fc(s - s ' } «. 

TT7. 



to 

k=0 



If s — s' = (mod m) then the sum in the right-hand side equals m, whence 11^ = 
n s . Otherwise, the sum equals (( m(s ~ ;5 ' ) - 1)/(&^ S ' ) - 1) = 0, that is n s -on s = 
if s ^ s' (mod to). 

For the second part, take x G (U 9 )fc, u G V(7r), r G Z. Then 

m — 1 

TL s {x{v ®t r )) =%{x.v ®f +k ) = — C, 3(r+k ' s) ^{x-v)®t r+k 



to 



1 m—1 

_ J2 C i(r-s) z.<o( u )®* r+fe = x.fl s (v®t r ). 



3=0 

It follows that II S commutes with the action of U^. Furthermore, 

?7(ri s (w ® t r )) = c r ^7r"n s _ r (u) ® t r = c~n s - r (v) ® * r 

whence the image of IT S is contained in L s (T^(7r)). Finally, 

n' s fi s (v ® f) = n s /_ r n s _ r («) <g> r. 

It follows immediately from the first part that Ef^ = LI S whilst II S / o H s = if s ^ s' 
(mod to). □ 

Observe that 77^0 preserves weight spaces of V(ir). 

Corollary. Given v G P, set V(ir)i k) := V{n) v n V{^ k \ Then 

&imL s {V(Tr)) v+r& = dimF(7r)W, 
where k = s — r (mod m) . 



Proof. This follows immediately from Lemma 4.3. □ 

4.4. Throughout the rest of this section g is assumed to be isomorphic to sl n +i ■ 
It will be convenient to identify the set I with Z/(n + 1)Z in the sense that i + k : 
i G I, k G Z is understood as i + k (mod n+1). Let V be the quantum analogue of 
the natural representation of g. Explicitly, V is an (n + l)-dimensional vector space 
over C(q) with a basis vq, . . . ,v n , the action of the generators Ei,Fi,Ki : i € I 
of Ug (9) being given by 

EiVj = S it jVj-i, FiVj = 8 it j + iVj+i, KiVj = q^+^^Vj, i G I, j el. 

Given a G C(g) x , we can endow V with a structure of a U 9 -module which we 
denote by V{a) by setting 

E Vj = S 3fi av n , F Vj = Sj^a^ 1 v , K Q Vj = g*+ 1 - 0_ ^. u J -, j g j 
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This module corresponds to the n-tuple of polynomials 7T = (1 — au, 1, . . . , 1). 

Let a, b G C(q) x such that b/a ^ q z . Then, by ||, V(a) ® V{b) is irreducible 
as a U 9 -module and V(a) ® V(6) = V(6) (g> V(a). A computation analogous to 
that of 0, 5.4] and based on a simple observation what V® 2 = V(2w\) © V(vj 2 ) 
(where tU2 = if n = 1) as a U g (g)-module, allows one to obtain explicit formulae 
for the isomorphism I z : V(a) <£> V(b) — * V(b) (g> V{a) preserving the highest weight 
vector 

I z (vi <g> Vi) = v i ®v l , i £ I 

(4.3) I z (vi <g> = Q_^ 2 ) Vl W J + Wj ® ^ 

. ?q(z-l)\ f(l-q 2 )z\ 
Iz{vj ® m) = 1 ^ 2 1 ^ (g> Vj + [ z _ 2 J v j®Vi, < i < j < n. 

where z = b/a. In particular, we may always assume, without loss of generality, 
that o = l. More generally, take oi, . . . , a m G C(g) x such that Oj/aj ^ <7 Z . Then 
I ai+1 /a z ,i '■— id 1811-1 ®/aj+i/oj ®id® m_ ' _1 gives an isomorphism of U g -modules with 
permutes the ith and the (i + l)th factors in the tensor product V(ai)(g>- ■ -<g) V(a m ). 

The latter is isomorphic to V(n) where it = (Ili=i(l — a i u ), 1, , 1). 

Now, suppose that a, = , where £ is an rath primitive root of unity. Then 
we are in the situation of Lemma 2.4 and tt° = (1 — u, 1, . . . , 1). It follows that 
the isomorphism r^o can be constructed explicitly as I m = Ifm-i o/^ m -2 m _ 2 ° 
• ■ ■ o Furthermore, since V(C*) is simple as a U 9 (g)-module, (p^o.^-i = id as 
a map of vector spaces. Therefore, I m can be identified with the map rj-^o defined 
in 



2.6. 



4.5. Recall that C(q) is the quotient field of C[q] and define a subring A 
of C(q) by A := {f/g : f,g G C[g], o(0) ^ 0}. Then 4 is a local ring, the 
unique maximal ideal being qA. Evidently, if f/g e A, then f/g = /(0)/<?(0) 
(mod (/A). In particular, A/qA = C. Observe also that, given an A-module M, we 
get M := M/qM = M 0,4 A/qA. Given ra G M, we denote its canonical image 
in M by m. 

Let B(-7r) be the set of all tensor products of th e form Vi m ® • • • <g> : V G / 
and set £(7r) = © vG B(7r) ^ follows from (4.3) that r^o maps £(7r) into itself 
and in particular preserves qC{~K). Furthermore, if v G P is a weight of V(ir), 
set £(7r)„ := C(tt) H V("k) v . Since each v G B(7r) is a weight vector, it follows that 
?77ro preserves C{ir) v . Set £(71")^ := C(tt) v . Then dimc>C(7r) ly = rankyt C{'k) v = 
dim C ( 9) V{n) v . 

Lemma. Given v = Vi m <S> ■ ■ ■ <E> v^ G B(-7r), define 

desc(v) = {r : i r+ \ < i r , 1 < r < m} 

and let Maj(v) be the sum of elements of desc(v) if the latter is non-empty and 
zero otherwise. Then 

r^o (v) = C Maj(v) v (mod q£{ir)). 
Proof. Observe that ( [Q| ) yields, for all r = 1, . . . , m — 1, 

^C— ,m-r(v) = < V ' m [ r+1 ~ l ! (mod qC(n)), 
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It follows immediately from the definition of desc(v) that I^m-r m _ r (v) = C^ v 
(mod q£(ir)) provided that r £ desc(v) and I^m-r . m _ r (v) = v (mod qC(n)) oth- 
erwise. The result is now immediate since rj^o^qC^n)) C qC{it). □ 



4.6. Denote by fj n o the map of C-vector space C(ir) into itself which obtains 
canonically from 7771-0 . By the above Lemma, the eigenvalues of fj-^o are mth roots 
of unity. 



Lemma. Let C{ir) ^ be the eigenspace of rj-^o corresponding to the eigenvalue £ fc . 
Then, for all k = 0, . . . , to — 1, 

dim c(9) V(7r)<*> = dime C(jr) {k) . 

Moreover, if we set £(tt) ^ :=~C{n) {k) nOn) u , then 

dim c(q) V(ir)W = dim c £Wl fe) . 

Proof. Given v £ B(7r), set (v) := IL.(v) where k = Maj(v). Evidently, (v) £ £(?r) 
and, moreover, (v) = v (mod qC(Tt)) by Lemma 4.5. Since the canonical images 
of v £ B(7r) in £(7r) form a basis of £(ir) over C, the (v) : v G B(7r) gen- 
erate £(7r) as an A-module and are linearly independent over A by Nakayama's 
Lemma. Therefore, the (v) : v £ B(7r) form a basis of V(tt) over C(q). Fur- 
thermore, by Lemma 4.3 (i) , (v) £ V(tt)W. We conclude that V{ir)( k > contains a 
linearly independent subset {(v) : v £ B(7r), Maj(v) = k (mod to)}, whose cardi- 
nality equals dime £(f) by Lemma 4J5. Thus, dim C ( g ) ^(tt)'-' -' > dime C(tt) ( k >. 
On the other hand, since V(w) (respectively, £(tt)) is a direct sum of eigenspaces of 
rjTj-a (respectively, 7771-0), it follows that dimc(q) V(tv) = Ylk=o dimc( g ) V(tv)^ > 
SfcS) 1 dime £(ti") ( fc ) = dimc£(7r) = dim C ( 9 ) V(ir), whence the desired equality. 
The second assertion is immediate since all the v £ B(-7r) are weight vectors. □ 

4.7. It follows immediately from Lemma [D^ that 

dime £(tt) = #{v : v £ V(ir) v , Maj(v) = fc (mod to)}. 

The cardinality of the set which appears in the right-hand side was computed in Jl5[ . 
Namely, there is a bijection between the set of weights of V(tv ) (or £(7r)) and the 

set 

{(ho, . . . , fc„) £ N" +1 : k + ■ ■ ■ + k„ = to}. 
Indeed, take v = Vi m <g> • • • ® 1^ £ B(7r) and set fe«(v) : i = 0, . . . , n where fcj(v) 

{ r : i r = i}. Then v is of weight v = Yh=o ~ &%) = X)™=i(^-i _ h)^i, 

where we set vjq = zu n +i = 0. It follows from the definition that fco(v)+- • •+fej(v) = 
m. One can easily check that v, v' £ B(-7r) are of the same weight if and only 
if fej(v) = fej(v') for alH = 0, . . . ,n. 

Suppose that v corresponds to (fco, ■ ■ ■ , k n ). Then 



dim c C(tv) v = dim C ( g ) V(tv) v = 
and by pi A.1-A.6] 



ko, 



dime C(n) W = - £ ^(d) ( & d ^ ) = - £ p*(d) dim c(9 ) ^ 1/£ % 

d|m V d > • • • i d / d| TO 



Applying 4.3 and Lemma 4.6, we obtain the following 
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Proposition. Assume that g is isomorphic to 5[„+i. Let ir — (1 — it, 1, . . . , 1) and 
tv — (Iljlo ~~ C J_ u )j 1, - ■ ■ , 1) , where C is an mffi primitive root of unity. Then 



dim c(9 ) L s (V(-7v))„ +rS = — ^ <p r -s(d) dim C ( g ) V( 7rl/d )i>/d 

- <Pr-.W dim C ( q) (V(n°)® m/ %d, 



m 

d\m 

for all v G P, r G Z and s = 0, . . . , m — 1. 

4.8. In the remainder of this section we will discuss the crystal basis theory of 
our modules L(V(ir)). One can easily see that V(O) does not a admit a crystal 
basis in the sense of Kashiwara. However, one can slightly modify the definition of 
a crystal basis so that it makes sense in our particular case. 

Let M be an integrable U g -module or a finite dimensional U^-module. Then, 
for i G I fixed, the Kashiwara operators Ei, Fi arc defined in the following way 
(cf. jl6|, 2.2] or 23, 16.1]). Any m G M\ can be written uniquely as m — 

E s >o, s+ t>o F i S)u ^ where F i S) ~ F '/[«]l, 1 = ( A K)> u * e kevEinMx+sa, and 
equals zero for s sufficiently large. Then 

s>0, s+t>0 s>0,s+t>0 

Definition. Let C be a free A-submodule of M satisfying M — C ®a C(g) and B 
be a basis of C. Fix £ G C x . We say that (£, B) is a (^-crystal basis of M if 

(i) £ = 01/ A/, B = ]J„ B„, where C„ = C n M„ and B„=Bn ~Z V _ 

(ii) £ is stable by the Ei, Fi for all i G /, hence the Sj, Fj act on C. 

(iii) FiB C C zs ' °B U {0}, for all i G 7. 

(iv) For v, v' G £> one has v' = (, k FiV if and only if v = ^ k E{v' . 

If £ = 1, the above definition reduces to the Kashiwara's definition of crystal 
bases (cf. g§ 2.3]). 

The following Lemma is an adaptation of |23, Lemma 20.1.2] for ^-crystal bases. 



Lemma. Assume that (£, B) is a ^-crystal basis of M . Let m 6 £,\ and fix i 6 I. 

js>0 s+t>0 



Write m — J2s>a s+t>o F j u s> where u s G ker Ei D M\+ sai , and u s = if s 3> 0. 



Then 

(i) For alls>0 and r>0, Fj; r} x s G L. 

(ii) If fa G B, then there exists Sq such that u s G qC if Sq ^ s, u So G ^ ZSi '°B 
and m = F^ So ^u So (mod qC). 

Proof. The argument is an obvious modification of that of 123, Lemma 20.1.2]. □ 



4.9. Retain the notations of 4.4 



Proposition. Fix £ G C x and Zei tt = (IT^o^ 1 _ C iu ), 1, . - . , 1). Let V(tt) be 

the corresponding simple XJ q -module which is isomorphic to V(l) (E> • • • ® ^(C^ -1 ). 
5ei B(7r) = ® • • • ® Wi N : V 6 /} and C(tt) — ® v6B (7r) ^/len the 

pair (£(tt), B(7r)) forms a (^-crystal basis ofV{Tv). Moreover, the action of Ei, Fi 
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on v = Vi ± ® • • • ® Vi N is given by 

Eiv = C (r ' 1)Si '°v h ® • • • ® Aui r ® • • • ® v ijv (mod g£(7r)), 

F,v = C"^- 1 ) 5 *-^^ ® • • • ® FjUi, ® • • • ® v iN (mod qC{n)), 

where r and s are determined by the standard Kashiwara rules for the tensor product 
of crystals (cf. @ Theorem 1] and 0, 1.3]). 

Proof. The property (i) of Definition |4.8| is obvious. The other three for i £ I follow 
from the standard results of Kashiwara on crystal bases (cf. for example 20.2]). 
So, it only remains to prove (ii)-(iv) for i = 0. 

The proof is basically an adaptation of the standard argument. Let Uo be the 
subalgebra of XJ q generated by E , F and K Q X , which is isomorphic to U^sfe). 
Throughout the rest of the proof we shall omit indices of the operators Eq and Fq. 

We use the following inductive argument. Set M k := F(1)®F(C)®- • •(g)F(C fc_1 ). 
It is clear that (ii)-(iv) of Definition |4.S| hold for Mi and that (iv) follows from (ii)- 
(iii), the second assertion of our Proposition and Kashiwara's tensor product rules. 
Now, suppose that they hold for M k and the pair (C k , Bfe), where Bfe = {vi 1 ® • • • ® 
Vi k : i r £ /} and C k = ©beB fc Ab. Given b G Bfe of weight v, set t = {v | do) and 
write b = E s >o,s+t>o F( - s)u s as in El- 



Notice that M k+1 S V(l) ® <pn kX M k , where TTfc = (1 ~ C J "), 1, • • • , !)• 

For the inductive step we should prove first that, for all i G I and for all b G Bfe, 
E(vi ® h),F(vi ® b) G C k +\. Since the Vi : i ^ 0, n span trivial Uo-modules, we 
can write 

s>0,s+t>0 s>0,s+t>0 

Since E(vi ® u s ) = if i ^ 0, the claim follows by induction hypothesis. When 
it is easy to check that (iii) holds for v G Bfe + i of the form Vi ® b where b G Bfe 
and i ^ 0, n. Now, by Lemma 4.8, b = F^ s °^u So (mod qC k ) for some sq > 0. It 
follows that Vi ® b = C s °-F (so) ( w i ® If s o=0, then obviously E(vi ® b) = 0. 

Otherwise, F(u;®b) = C° F(" ~ 1 ') (Vi<8>u ao ) (mod qC k+1 ) = (v^Eb (mod qC k+1 ). 
Similarly, F(«;®b) = C, SQ F^ Q+1 \ Vl ®b) (mod qC k+1 ) = C -1 «t®Fb (mod g£ fe +l), 
which proves the second assertion and (iv). 

It remains to consider the case when i = 0, n. One can easily check that the 
weight vectors 

X s := v n ® u s , Y s := v n ® i^w s - C<7* +2s [* + 2 «]^o ® « s 
are annihilated by E. Furthermore, for all r > 0, 
F (r, I s = C r q r v n ® f (r) « s + C" r+1 «o 8) F^-^u., 

2r _ 1 2(t+2s-r) _ i 

= r r V-r w « ® f^+ v + c r+ y - — 2— i — v ° ® ^ (r)u - 

q £ — \ q z — 1 

In particular, we have 

F«x s = C~V«n ® f( s > Us + c s+1 «o ® F^-^u., 



„2(s-l) _ 1 _2(t+s+l) _ i 

n(-l) V - ^-+1 g Wn ® F«U S + C S+ V g ; ' ^0 ® F< S 

(J^ — 1 9 — 1 
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Fix s > 0. Evidently, v n ® F^u s and i>o ® F( s_1 )u s are non-zero and lin- 
early independent. Furthermore, the determinant of the matrix of coefficients 
of F^X S and F^^Y, in the basis consisting of v n ® F^ s 'u s and «o ® F' s_1 )u s 
equals — C _2 ( s_1 ) (mod qA), whence is a unit in A. Therefore, there exist a s , b s S A 
such that v n <g> F^Us = o^F^X, + & s F( s_1 )Y s , s > 0. Thus, we can write 

v n ®b= v n »F^u.= a s F^X s + bsF^Ys 

s>0, e+t>0 s>0, s+t>0 s>0, s+t>0 

Y F^(a s X s +b s+1 Y s+1 )= ]T pWu » 

s>0, s+t+l>0 s>0, s+t+l>0 



which is the decomposition of i> ra (g)b of 4.8. ft follows from the definitions of X Sl Y s , 
Lemma 4.8 and the induction hypothesis that E{v n ® b) = X) s >o s+t+i>o F( S ~ X >U S 
and F(v n ® b) = X) s >o s+t+i>o F^ S+1 'U S lie in £fc+i. A similar argument shows 
that %«b),%®b) € £ fe+ i. 

Now observe that F( S )X S = C^+^o®^^ 1 ^ (mod qC k+1 ) whilst F^" 1 ^ = 
Q~ s+l v n <8 F( a ^u s (mod g£fc+i), s > 0. Assume first that Fb = (mod qCk)- 
Then b = ito (mod qCk) and so w„ <£> h — Xq (mod qCk+i)- It follows that F(t>„ <g> 
b) = = Ev n <E> b (mod qCk+i)- On the other hand, F(v n ® b) = t>o ® u s 
(mod qCk+i) = Fv n (g> b. Suppose further that Fb ^ g£fe. Then b = F^u s 
(mod g£fc) for some s > 0. It follows that v n ® b = f a-1 iA a-1 )l^ (mod g/^+i). 
If s = 1, then F(t>„ (g) b) = = Ev n ® b (mod Otherwise, 

E(v n <g> b) = C s_1 F( s - 2 )F s = C-^n ® Ff'-^u, = C«« O Fb (mod g£ fe+ i). 

Similarly, F(u„ <g> b) = C^F^Y, = C"V <8> Fb (mod qC k+1 ). We omit an 
analogous computation for vq (S> b. □ 

4.10. Suppose now that £ is an mth primitive root of unity and retain the 
notations of 4.5 -Ol 



Proposition. Set B(7r)( fc ) = {v G B(7r) : Maj(v) = k (mod m)} and define 

=0 A < v > ® r ' = II B(ir) (a_r) ® t". 

r-ez veB(7r)( s -o rez 

TTien (£«(7r),B«(7r)) is a (-crystal basis of L s (V(tt)). 

Proof. Set £ = £(7r) ®a B — II reZ B(7r) ® One can easily check 

that the above proposition implies that (£,&) is a ^-crystal basis of L(V(tt)). 
Set £ s = CnL s (V(n)). We claim that C s = C s {tz) defined above. Indeed, since (v) 

lies in £(tt) for all v G B(tt), Z^tT) C £. Suppose further that v 6 B(7r)( s - r ). 
Then ?j((v) <g f ) = C'77ro((v}) ®t r = C s (v) ® T (cf. the proof of Lemma g^, 
whence jO s (tz) C L s (V(tz)) D C = C s as an A submodule. Furthermore, both C s (-k) 
and C s are direct sums of free weight A-submodules and £ s ( 7r ) l/+r ,5 C C s u + r $ for 
all v G F, r G Z. Observe that £ s (7r) l/+r ,5 is generated as an A-module by (v) ® £ r 

where v e B(tt)1, s r \ Since the ima ges of these elements in C s ^+ r s/qC s ^+ r s form 
a basis of that vector space by |4.6| , it follows by Nakayama's lemma that they 
generate C s as an A- module. Therefore, £ s (ir) = £ s . The result now follows 
immediately from Proposition |4.S| and []ll| Proposition 3.6 and Lemma A.l]. □ 
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